Abstract. In this short note we reduce the b-semiampleness conjecture for lc-trivial fibrations to the b-semiampleness conjecture for klt-trivial fibrations.
Introduction
An important problem in birational geometry is the following: given a morphism f : X → Z and an lc pair (X, B) such that K X + B ∼ Qf 0, find a Q-divisor ∆ Z on Z such that (Z, ∆ Z ) is lc and
The problem has been solved by Ambro when (X, B) is klt and B ≥ 0 by using the canonical bundle formula [3, Theorem 0.2] and by Fujino and Gongyo when f is generically finite and (X, B) is lc by [8, Lemma 1.1] .
In general, we write canonical bundle formulas for lc-trivial (resp. klt-trivial fibrations), that are fibrations f : (X, B) → Z such that (X, B) is lc (resp. klt) on the generic point of Z and K X + B ∼ Qf 0 (see Definition 2.2 for a precise definition). The canonical bundle formula consists in writing
where B Z is called discriminant and contains information on the singular fibers of f and M Z is called the moduli part and, conjecturally, is related to the birational variation of the fibers. The main steps in the proof of [3, Theorem 0.2] are the following:
• the pair (Z, B Z ) has the same singularities as (X, B) [1, Proposition 3.4], namely (Z, B Z ) is klt (resp. lc) ⇔ (X, B) is klt (resp. lc); • if (X, B) is klt on the generic point of Z, then M Z is the pullback of a big divisor [3, Theorem 3.3] or, more precisely, there exist a generically finite morphism τ :Z → Z, a morphism ρZ → : Z ! and a big divisor M Z ! such that
Since klt is an open condition and the pair (Z, B Z ) is klt, it is sufficient to chose
where D ∈ |mM Z ! | and m is big enough.
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If we want to follow the path of this proof, in order to solve the problem for (X, B) is lc, we need a stronger condition on M Z , namely In [9] the authors prove that, for an lc-trivial fibration, the moduli part is the pull-back of a big divisor. They consider a center W of (X, B) that is minimal among the centers such that f (W ) = Z and they find a quasi-finite morphism Z ′′ → Z such that
By following the same approach as in [9] we can prove the following result 
Definitions and known results
We will work over C. In the following ≡, ∼ and ∼ Q will respectively indicate numerical, linear and Q-linear equivalence of divisors.
Definition 2.1. Let (X, B) be a pair and ν : X ′ → X a log resolution of the pair. We set
and (1) (X, B) has klt (resp. lc) singularities over the generic point of Z;
where f ′ = f • ν and ν is a given log resolution of the pair (X, B); (3) there exists a positive integer r, a rational function ϕ ∈ C(X) and a Q-Cartier divisor D on Z such that
Remark 2.3. The smallest possible r that can appear in Definition 2.2 is the minimum of the set {m ∈ N| m(K X + B)| F ∼ 0} that is the Cartier index of the fiber. We will always assume that the r that appears in the formula is the smallest one.
Definition 2.4. Let P ⊆ Z be a prime Weil divisor. The log canonical threshold γ P of f * (P ) with respect to the pair (X, B) is defined as follows. LetZ → Z be a resolution of Z. Let µ :X → X be the birational morphism obtained as a desingularisation of the main component of X × ZZ . Letf :X →Z. LetB be the divisor defined by the relation
LetP be the strict transform of P inZ. Set
We define the discriminant of f : (X, B) → Z as
Remark 2.5 ( [10], p.14 [1] ). The log canonical threshold γ P is a rational number and the sum above is finite, thus the discriminant is a Q-Weil divisor
Then there exists a unique divisor M Z such that we have
where B Z is as in (2.1) . The Q-Weil divisor M Z is called the moduli part.
We have the two following results. 
and for every proper birational morphism ν :
(ii): M Z ′ is a nef Q-Cartier divisor and for every proper birational morphism ν : 
The formula (2.2) is called the canonical bundle formula.
The following result is a well known result. We recall the proof here for the reader's convenience. Proof. Consider the Stein factorization of τ
The morphism g is birational. Let z ∈ Y \τ (Exc(g)). Then the set τ −1 (z) is finite. A general element E ∈ |τ * D| is such that SuppE ∩ τ −1 (z) = ∅, hence z ∈ Suppτ * E. Since τ * E ∈ |dD|, we proved that
which is a subset of codimension at least 2.
Proof of the main result
This section is devoted to the proof of Theorem 1.3. We will be dealing with lc-trivial fibrations that are not klt-trivial fibrations. The main tool is the subadjuction formula for centers that are minimal over the generic point of Z. The next remark explains the geometric construction used in [9] and the notation that will be used.
Remark 3.1 (cf. [9] ). Let f : (X, B) → Z be an lc-trivial fibration such that (X, B) is not klt over the generic point of Z. Then there exists a center W ⊆ X that is minimal among the centers C of (X, B) such that f (C) = Z. Let
Consider the lc-trivial fibration induced by the base change 
to whom we can associate a discriminant B 
Though not explicitely stated, the following proposition is the key result in [9] . 
proof of Theorem 1.3. Let f : (X, B) → Z be an lc-trivial fibration. If f is a klt-trivial fibration, we are done. Then we can assume that (X, B) is not klt over the generic point of Z. Let W be an arbitrary log canonical center of (X, B) that is dominant onto Z and is minimal over the generic point of Z. By Theorem 2.7, we can assume that M Z is nef and that for any birational morphism µ : • mM
The morphismτ is generically finite and let d = degτ . By Lemma 2.9
Codim(Bs|mdM Z |) ≥ 2.
Let µ :Z → Z be a resolution of the base locus of |mdM Z |. Then |µ * (mdM Z )| = |M| + F, the linear system |M| is base point free and F is the base locus of |µ * (mdM Z )|. LetZ ′ be a desingularisation of the main component of the fiber product Z ′′ × ZZ . We have the following commutative diagram:
Since the morphism µ ′′ is birational, we have MZ′′ = µ ′′ * M Z ′′ and MZ′′ is semiample. Moreover the degree of σ is the same as the degree ofτ and MZ′′ = σ * MZ. Then, by Lemma 2.9, we have Codim(Bs|mdMZ|) ≥ 2. On the other hand, since |mdMZ| = µ * |mdM Z |, the base locus of mdMZ has pure codimension 1. This implies that F = 0 and that the linear system |mdM Z | is base point free.
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